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ABSTRACT: Solutions to the Yang-Mills eld equations which describe exploding or im-
ploding shells of gauge eld and which may serve as approximations to the exploding
sphaleron are discussed. The solutions are conformally related to SO(2)SO(4) invariant
Yang-Mills solutions. The behavior of fermions in the gauge eld background and higher
gauge groups are also considered.
1. Introduction
The Yang-Mills eld equations in 3+1 dimensions fail to admit particle-like solutions.
Due to the repulsive stresses, it is energetically favourable for the gauge eld to expand. In
this paper, we discuss exact solutions to the Yang-Mills eld equations describing spherical
pulses of Yang-Mills eld exploding or imploding at the speed of light. These solutions may
serve as approximations to the exploding or imploding sphaleron solutions. A sphaleron is
an unstable static solution of the classical Yang-Mills equations coupled to an attractive
matter eld, typically Higgs [1], dilaton [2], or gravitational [3], which owes its existence
to the fact that the conguration space C of the Yang-Mills eld is not simply connected.
In fact, C = A=G, where A is the ane space of Yang-Mills connections on a topologically
trivial Cauchy surface  which fall o suitably at innity, and G is the set of gauge
transformations which tend to the identity at innity. The space G falls into disconnected




(G), where G is the gauge group.






(G) is non-trivial in general.
The energy functional has a maximum around each closed loop  in C. A sphaleron
conguration may be obtained by minimizing this maximum among all closed loops in a
non-trivial homotopy class. In the case that the gauge group G = SU(2), 
0
(G) = Z, the
eponymous sphaleron corresponds to the fundamental generator of 
1
(C).
An alternative description is obtained by passing to the universal covering space
~
C of
the conguration space C. The vacuum or least energy conguration in C lifts to many
vacua in
~
C labelled by elements of 
0
(G). The vacua on
~
C are said to be related by
large gauge transformations, i.e. by gauge transformations which are not connected to the
identity. A closed loop  in C lifts to a curve ~ joining adjacent vacua. One may think of










Tr(A ^ dA  
2ie
3
A ^A ^A) (1:1)
denes a real valued quantity on
~
C which changes by an integer as one passes between
dierent vacua related by large gauge transformations, i.e. by elements of 
0
(G), but is
unaltered by small gauge transformations, i.e. those connected to the identity. Thus (1.1)
denes an invariant on C taking values in R=Z. One may regard N
CS
as the line integral
of a one-form on C which is closed but not exact.
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As one passes around a closed loop  in C the quantity N
CS
changes by unity. If 
is taken to be the steepest descent path, the energy functional is, for the theories under






the static sphaleron solution.
The static sphaleron conguration can only exist by virtue of the coupling of the
Yang-Mills eld to some other matter eld such as a Higgs, dilaton or gravitational eld.
There is no static nite energy solution of pure Yang-Mills theory in at spacetime, es-
sentially because of the repulsive stresses exerted by the Yang-Mills elds. These can be
counterbalanced by attractive forces due to scalars or gravity, but any such equilibrium
is unstable. Any slight disturbance will cause the sphaleron to explode outwards or to
collapse inwards [4]. In the absence of gravity one expects the inwards implosion to be
reversed as the inwardly falling spatial conguration passes through itself and re-expands
outwards. For gravitating sphalerons the situation is more complicated and black hole
formation is also possible.
The time-dependent collapse or explosion of sphalerons is accompanied by changes in
the fermion number of the quantum state of spinor elds coupled to the sphaleron. If col-
lapse to a black hole does not take place, then the total net change in fermion number may
be evaluated using the theory of the chiral anomaly and the Atiyah-Singer index theorem.
An alternative procedure is to use the method of Bogoliubov transformations. The anoma-
lous production of fermions is then a consequence of \strong" Bogoliubov transformations.
If black hole formation occurs, then there are further complications due to Hawking ra-
diation. In order to follow in detail what will happen requires a good understanding of
solutions of the Dirac equation in the the presence of the sphaleron.
A closely related situation in which more detailed information is desirable is that
envisaged by Christ [5] in which baryon number violation might occur during the collision
of gluons or in gluon jets. The purpose of this paper is to provide such information in the
special case that one can ignore all bosonic elds except the Yang-Mills eld. The resulting
system of equations is then conformally invariant, and we are able to re-interpret earlier
work on classical Yang-Mills theory and conformal invariance [6] [7] . We shall argue that
the SO(2)SO(4) symmetric solution of De Alfaro, Fubini and Furlan [8] may serve as a
useful model for the behaviour of the exploding (or by time-reversal ) imploding sphaleron.
2
2. Yang-Mills Solutions
We now review the construction of solutions to the Yang-Mills eld equations describ-
ing imploding and exploding shells of gauge eld. One begins with known SO(2) SO(4)






the time direction periodically





pull back the Yang-Mills solution. Taking advantage of the conformal invariance of the
Yang-Mills equations, one obtains a solution on Minkowski space that describes shells of
Yang-Mills eld imploding and then exploding at the speed of light.
2.1. SO(4) and SO(2)  SO(4) invariant Yang-Mills Solutions
The SO(2)SO(4) solutions have been rather well studied and we shall not therefore
give a detailed derivation. Some information is given in our earlier paper [9]. Consider the





































































































If f = 0 or f = 1 the connection (2.4) is at. These congurations correspond to two
adjacent vacua on
~
C. The conguration f = 1 has N
CS
= 1 since the map S
3
! SU(2)








  f) = 0: (2:6)
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. As pointed out in [9] any solution of the form (2.4) with (2.6) has the energy






E being the conserved energy of the eective particle with position f described by equation







2.2. Compactied Minkowski Spacetime





mal compactication is the Lorentzian analog of stereographic projection. Stereographic
projection and conformal compactication in any dimension can be described in a unied
way by considering the light cone in a space of two higher dimensions. The two spaces
mapped to one another are then hyperplanar cross-sections of the light cone, with the
mapping achieved by projection along the null generators of the light cone. The mapping
is necessarily conformal.
Consider now the particular case of the conformal compactication of Minkowski
spacetime, M  M
3;1


























































































































































= sin sin  exp i
X
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The mapping from ESU to M is obtained by projection along the null generators of K and
takes the form
v  t+ r = tan
 + 
2









(or (; ; ; ) and ( + ;    ;    ; + ))







we obtain a 1  1 conformal compactication of M onto M
#
. We note that the antipodal








































(1 + (t  r)
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which is indeed conformal to the standard product metric on ESU. Future and past null
innity I






identied with one another. The conformal group Conf(3; 1) of Minkowski spacetime acts
smoothly and transitively on compactied identied Minkowski spacetime M
#
. It now
follows easily from (2.8) that Conf(3; 1)  SO(4; 2)=  1.
The conformal compactication can be described in a more group theoretic way and
will be useful when discussing the Yang-Mills solutions. This is standard, but the spe-





























The Cayley map h :M ! U(2) is given by




and provides a conformal embedding of M into U(2).


















































 = cos  + cos =
1
2
jdet(1 + U)j (2:20)
thus reproducing (2.14). The left hand side of (2.19) is the standard Minkowski metric,
and the right hand side of (2.19) is the standard product metric on the Einstein cylinder
R  S
3




of compactied identied Minkowski
spacetime M
#
. Thus the Cayley embedding h given by (2.18) is a conformal one. The
Cayley map h ceases to be invertible when det(1 + U) vanishes, i.e. when the conformal
factor 
 vanishes. These points correspond to null innity I (also called \scri "). From
(2.1), we may express U as










2.3. Conformally Invariant Equations




and the conformal compactication from




discussed above, we can obtain Yang-Mills solutions in
Minkowski space. This makes use of the conformal invariance of the 3 + 1 dimensional
Yang-Mills eld equations. When one speaks of conformally invariant equations, one may
mean invariance under the innite dimensional abelian group of Weyl rescalings of the
6
metric or the 15 parameter Bateman-Cunningham group Conf(3; 1) of conformal isome-
tries of Minkowski spacetime or possibly just invariance under its 11 dimensional causality
preserving Zeeman subgroup consisting of the semi-direct product of the Poincare group
with spacetime homotheties also called dilatations. This latter group is sometimes, slightly
misleadingly, also called the Weyl group.
Equations which depend only upon the conformal equivalence class of the spacetime
metric g

so that given a solution with respect to a metric g

it is also (possibly after
multiplying by some function of the conformal factor 
) a solution with respect to a





are said to be Weyl invariant. Important examples are:






R' = 0; '! '=
; (2:22)





















































In all cases the energy momentum tensor T










On the other hand one says that an equation has Bateman-Cunningham invariance
or is Conf(3; 1) invariant if given a solution (x









is also a solution. c 2 Conf(3; 1) is a conformal isometry of Minkowski spacetime, w
a suitable conformal weight and J the Jacobian of c. Every Weyl invariant equation is
Conf(3; 1) invariant (provided it is dieomorphism invariant) but the converse is not true.
Counter-examples are provided by various higher spin wave equations for zero-mass parti-
cles. Similarly any Conf(3; 1) invariant equation is necessarily invariant under its causality
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preserving subgroup but again the converse is not true. Essentially any Poincare invari-
ant equation without dimension-full coupling constants will be invariant under dilatations.
Examples include a polytropic perfect uid with a constant ratio of pressure to density,
equations involving the eponymous dilaton, which may be thought of as a gauge eld for
dilatations, and the non-linear -model.
A well known strategy for obtaining solutions of Weyl invariant equations on
Minkowski spacetime, and one which we have adopted here, is to solve them on the Ein-




of compactied identied Minkowski
spacetimeM
#
and then to project down onto Minkowski spacetimeM . Provided the solu-








will remain well behaved and of nite energy on M . Note that it is neither necessary nor
indeed always possible to insist that the solutions are single valued on compactied identi-
ed Minkowski spacetime M
#
. This is related in part to the so-called Grgin phenomenon
[10]. Consider for example solutions of the free conformally invariant wave equation (2.22).
One might consider superpositions of solutions of the form:
' = exp(i(l + 1)) Y
l
(; ; ) (2:28)
where Y
l





, points (; ; ; ) and ( + ;    ;    ; + ) must be identied, but from (2.28)
and the properties of harmonics
'(; ; ; ) =  '( + ;    ;    ; + ): (2:29)
Thus solutions ' of the form (2.28) are not single-valued, in fact they may be thought of
as sections of a at bundle over M
#
twisted by a representation of the conformal group
Conf(3; 1) in 1 [11]. This is consistent with the fact that ' scales as one power of 

and that if one extends 
 smoothly over the Einstein cylinder R  S
3
using (2.14) it is
anti-periodic under the identication.
Physically, the solutions (2.28) may be thought of as an incoming wave which starts
o from past null innity I
 
, i.e. from     =   comes to a focus at the origin of
spherical polars, (i.e. r = 0) re-expands and reaches future null innity I
+
, i.e. + = .
Because it has passed once through a spherical focus or caustic, its amplitude is, by the









2.4. Yang-Mills Solutions in Minkowski Space
We now obtain the Yang-Mills solutions on Minkowski space by projecting the SO(2)
SO(4) invariant f = 1=2 solution (2.4) from M
#
. Note that by contrast with the general
SO(4) invariant solution, the SO(2)  SO(4) invariant solution is in fact well dened on
identied compactied Minkowski spacetimeM
#






















































The components of the gauge eld are peaked on the future and past light cone u = v = 0.
The stress-energy tensor for the gauge eld can be obtained from the stress tensor of the







, the energy density
transforms as ~ = 

 4
. Weyl rescaling the energy density (2.7) of the solution on ESU















which is indeed peaked on the past and future light cone. The Chern-Simons numberN
CS










from past null innity I
 
and carries out the same amount back to future null
innity I
+
. The solution has a moment of time symmetry, i.e. it is momentarily at rest on
the spacelike hyperplane t = 0. The total energy of the shell carrying this Chern-Simons
number is nite because the eld falls o rapidly near innity. The ow vector u

in

















































3. Other Gauge Groups
It is possible to consider SO(4) invariant solutions for other gauge groups G. Berto-
lami, et. al. [13] study the gauge group G = SO(n). Setting A
0
= 0, then their gauge




); i = 1; : : : n   3:

0
corresponds to the SU(2) subgroup and is related to our f by 
0
= 2f   1. Like the













































= 0, (2.6) and (2.5) are recovered (taking into account a dierence of normalization).
These solutions can be mapped to solutions in Minkowski space which have qualitatively
similiar properties to the SU(2) cases. The energy density of the resulting gauge eld
will have the same form, but with a dierent numerical factor which can be determined
from (3.1). There are four vacua on
~
C having zero energy and which are absolute min-
ima. These are at (
0
; ) = (1; 0); ( 1; 0); (0; 1); (0; 1) with N
CS
= 4; 0; 2; 2 respectively.



































= 3; 3; 1; 1. It is interesting
to note the existence of sphaleron congurations with lower energy than the pure SU(2)
one that we have considered above.
4. Spinors
It is straightforward to solve the massless Dirac equation on the Einstein cylinder
in the background of the SO(2)  SO(4) invariant f =
1
2
solution [9][14]. In particular
one can nd time-independent (i.e.  independent) zero energy solutions of the coupled
Dirac equation on the Einstein cylinder. Scalar quantities such as   are homogeneous for
the zero-energy solutions. These solutions may be Weyl rescaled to give time dependent





 will now be proportional to 

3
and will therefore be small except
where 
 is large. In other words these special solutions of the Dirac equation will have
their support peaked on the shell and may be thought of as carried by the shell.
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